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I. INTRODUCTION 

The field of relativistic quantum information theory 
has emerged several years ago Since then a lot of 
papers have been published (see e.g. @-[32j) an( i differ- 
ent aspects of relativistic quantum information have been 
studied (including, for example, correlations in vector bo- 
son systems [ll|, correlations of massive particles in he- 
licity formalism (L2l - fl6j or massless particles @, [I3~Gj1)- 

However, the spin- 1/2 massive particles are often 
considered as the best objects to study relativistic ef- 
fects on entanglement and violation of Bell-type in- 
equalities. They have been considered in many papers 
[1 Ud, US El [23-il. The most recent ones ^M2J§ also 
discuss relativistic effects in a system of spin- 1/2 massive 
particles. 

In some papers such particles are described in the 
framework of unitary representations of the Poincare 
group (e.g. fill26|) while other authors use Dirac equation 

(e.g. mm)- 

In the present paper we give a direct link between these 
two approaches. To this end we formulate Dirac formal- 
ism in an abstract Hilbert space which is a carrier space 
of an unitary representation of the Poincare group. To 
include negative energy solutions of the Dirac equation 
we consider as a Hilbert space the direct sum of carrier 
spaces of positive and negative energy unitary represen- 
tations of the Poincare group for a massive spin- 1/2 par- 
ticle. In this Hilbert space there exists the standard basis 
(we call it spin basis) denned in the context of unitary 
representations of the Poincare group. Next we intro- 
duce basis which under Lorentz transformations trans- 
forms in a manifestly covariant manner according to the 
bispinor representation of the Lorentz group. Vectors 
of the covariant basis in a natural way fulfill the Dirac 
equation. Thus, in our approach the Dirac equation is 
a consequence of the demand of manifest covariance and 
form of the bispinor representation. We show also that 
the well-known Foldy-Woutheysen transformation, which 



diagonalizes the Dirac Hamiltonian, corresponds to the 
transformation between covariant and spin basis. 

Another important issue in the context of relativistic 
quantum information theory is the problem of defining 
a proper spin observable for a relativistic particle. This 
problem has attracted much attention in the recent years 
[J E3, US [H, HI H||. Different propositions of a rela- 
tivistic spin are still discussed in the literature [H [27j ■ 
Unfortunately, there are also papers which are not free 
from misunderstandings [24[. In particular, in this paper 
we show that the spin operator we used in our previous 
papers (e.g. [HHij) is in fact, for spin s = 1/2, equal 
to the so called mean-spin operator defined by Foldy and 
Woutheysen [34[ for a Dirac particle. We also discuss 
the transformation properties of this spin operator under 
Lorentz group action. We show that the spin operator in 
the momentum representation transforms according to a 
Wigner rotation. 

We hope that our formalism will be helpful in clarifying 
some issues in the field of relativistic quantum informa- 
tion theory. 

II. RELATIVISTIC DESCRIPTION OF A 
DIRAC PARTICLE 

A. Dirac equation 

Relativistic spin- 1/2 particle is described by Dirac 
equation which has the following form 

(i^fy - m)yj{x) = 0, (1) 

where bispinor ip(x) is a four-component column and we 
have used the standard notation d u = For the con- 
ventions concerning Dirac matrices and metric tensor see 
Appendix O We use natural units with H = c = 1. 

Dirac equation (JT|) is covariant under Lorentz transfor- 
mations A 

x ni = A V. (2) 
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On the level of Dirac bispinors Lorentz transformations 
are realized as 



yj'{x') = Sm(x), 



(3) 
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where 5(A) is a 4-dimensional, bispinor representation of 
the Lorentz group and x 1 = Ax. Bispinor representation 
is generated by Y,» v = | [7", 7"]: 

5(A) = exp(^S^), (4) 

therefore 

5- 1 (A)= 7 5t(A) 7 °. (5) 

Covariance of the Dirac equation gives the following 
condition: 

5- 1 (A) 7 ^5(A) = A^. (6) 

We define the invariant scalar product of two Dirac 
spinors ip{x) and 4>(x) at time x° by 

(iM) = / d 3 K^(x) 7 °<l>(x), (7) 

J x^— const 

where ip(x) = ijj'ix)^. This scalar product can be writ- 
ten in a manifestly invariant form 

ty,4>) = / da^x^x)^^), (8) 

where integration is performed over a space-like surface 
a and da^(x) = — -^e uva \dx 1 ' A dx a A dx x . 

B. Unitary representations of the Poincare group 
for a Dirac particle 

As is well known, the Dirac equation possesses neg- 
ative energy solutions as well as positive energy ones. 
Therefore, to describe in a consistent manner both types 
of solutions as a space of states for a spin-1/2 relativis- 
tic particle we take the direct sum of carrier spaces of 
two unitary, irreducible representations of the Poincare 
group, % = %+ © corresponding to positive and 
negative energy, respectively. 

The carrier space of a unitary irreducible representa- 
tion corresponding to the massive, spin-1/2 particle, T-L t 
(e = +1 corresponds to positive energy while e = — 1 
corresponds to negative energy), is spanned by the eigen- 
vectors of the four-momentum operators P M 

P»\ep,a) = ep»\ep,a), (9) 

where a = ±1/2. The above choice of basis is explained 
in Appendix [A"l 

We denote by U(A) an unitary operator representing 
a Lorentz transformation A. It holds 

U(A) = exp(i^J^ u ), (10) 

where are generators of the Lorentz group. 

Action of U(A) on the basis vectors reads [for deriva- 
tion see Appendix [X] : 

U(A)\ep,a) = V(R(A,p)) XlT \eAp,X}, (11) 



where T> is the standard unitary spin-1/2 representa- 
tion of the rotation group, Wigner rotation R(A,p) = 
L^ALp and L p denotes standard Lorentz transforma- 
tion which is defined by the conditions: L p q = p, L q = I 
with q = (m, 0). 

Let us consider the parity operation P: P(p°,p) = 
(p°, — p) = p* . Action of parity on basis vectors reads 

U(¥)\ep,a} = P% x \ep^,X). (12) 

Consistency of Eqs. (fTTj) and (fT2|) leads to 

= ?s aX , (13) 

where = 1. Therefore, finally 

U(¥)\ep,a)=e\ep n ,a). (14) 

We adopt the following, Lorcntz-covariant normaliza- 
tion of the basis vectors: 

(e'p',a'\ep,a) = 2w(p)<5 3 (p' - p)<W<W, (15) 

where w(p) = \/p 2 + m 2 . 

We can define in a natural way a hermitian operator £ 
with eigen- values e = ±1 and corresponding eigen- vectors 
\ep,a): 



Indeed, Eq. (j9]) imply 

£\ep,a) =e\ep,a). (17) 

Let us notice that operator corresponding to absolute 
value of energy can be written as 

\P°\ = \/m 2 +P 2 = £P°. (18) 

We will use this observation later on. 

One can also check that the following resolution of 
unity holds 

^EE/5)i^x.,4 (19) 

where the measure d 3 p/(2u;(p)) is Lorentz-invariant. 

C. Manifestly covariant basis 

The spin basis {\ep, a}}, although naturally defined 
in the framework of unitary representation of Poincare 
group, is not manifestly covariant [Eq. pip]. 

Therefore, we define another basis in the space T-L 

\a,ep)=J2<a(p)\^^), (20) 
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where we demand 

U(A)\a,ep) = S~ 1 (A) aP \p,eAp). (21) 

In Eq. pip 5(A) denotes the bispinor representation of 
the Lorentz group [compare Eq. ([3"])] [351] . Therefore, a is 
a bispinor index. 

Inserting A = P in Eq. (j6]), we can uniquely determine 
bispinor representation of the parity operator 

5(P) = £ 7 °, (22) 

where |£| = 1. Therefore 

& 

Of course, phase factors £ [Eq. ([22]) ] and £ e [Eq. $1^] arc 
related. Indeed, by virtue of Eqs. (JUJ I2HJ EIJ) we obtain 

(24) 



where ?; e (p) = [i^<t(p)]- 

Eqs. ([TT1I2T]) imply the following Weinberg consistency 
condition: 

5(AK(p)P T (i?(A,p)) = « e (Ap). (25) 

By virtue of the above equation we have 

v^p) = S(L p )v'(q), (26) 

where q = (m, 0) is the four-momentum in the rest frame 
of a particle. The Weinberg condition (|25|) and Eq. (O 
imply 

V*(R(A,p))v^p)v^p)V T (R(A,p)) = v*'(Ap)v e (Ap), 

(27) 

S(A)v e (p)v e '(p)S- 1 (A) = v e (A P )v e '(Ap), (28) 

where v e (p) = v e ^(p)7°. 

Now, Eqs. ([2"2" 1 1261 127[ 1251 15]) and Schur's Lemma lead 

to 

v e ( P )v e (p) = eA e (p), (29) 
where we have introduced the standard projectors 

ml + ep"f 



Up) 



2m ' 



(30) 



and 



v e (p)v e {p) = eS ee d 2 . (31) 
Eq. ([2"9"[) imply the following condition: 

XW(p)v e (p) = I. (32) 

e 

The explicit form of amplitudes v e (p) can be easily de- 
termined with help of Eqs. ([2"6l |2T)1 |3"TI IC1[) and is given 
in Appendix [D] [Eq. ([Dlj)]. 



Now, using Eqs. (j3"TllDl[) we can simplify Eq. ([M|). We 
get finally 



(33) 



The covariant basis vectors fulfill the following normal- 
ization condition: 



(P,e>k\a,ep) = 2e W (p)^ e <5 3 (k - p)(A e (p)) Q/J , (34) 
where we have used the natural notation 

{J^k\=Y J ^ 1 ek\ 1 %. (35) 

a 

By virtue of Eq. ([3"T[) we can invert relation ([2U[) 

|ep,o-> = £«4,(»|a,ep). (36) 



Now, using Eqs. (f29l l36j) . we receive 

^2{Pl)a/3\l3,ep) = em\a,ep), (37) 



(38) 



or, in terms of the projectors ([30)) 



Notice that the above equation is in fact the Dirac equa- 
tion in momentum representation written in an abstract 
Hilbcrt space. Thus, in this approach the Dirac equation 
is a consequence of the demand of manifest covariance 
and form of the bispinor representation. Dirac equation 
(|38jl can be cast in an operator form 



(39) 



Therefore, Hamiltonian acts on basis vectors as follows: 
P° | a, ep) = J2 [7°(eP • 7 + ml)] a/} ep) 



(40) 



Applying Eq. ([36j) to Eq. ([19} we get 
d 3 p 



Mp) 



e|a, ep) (a, ep 



(41) 



D. Functional realization 

In this section we construct a functional realization in 
terms of Dirac bispinors. We consider functional realiza- 
tion with help of covariant [Eq. ([2"0"[) ] as well as spin basis 
[Eq. ©]. 
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a. Covariant basis Let us expand an arbitrary state 
vector in the covariant basis defined in Eq. (f^Uj) 

W = E/ 2^) e ^(P)«l«,^>- (42) 

Using Eqs. ([38]) and (J34J) we find 

E C V(P)a(A e (p)) a/} = C^(p)^ (43) 

a 

and 

C^(p)£ = (5^P>), (44) 

respectively. We would like to connect the function 
C^{pY a with Dirac bispinor ip^ip)- The above equations 
suggest the following identification: 

0/-(p)a=^>) = E^*W«- (45) 

/3 

Therefore, we define a bispinor with definite energy (e = 
+1 — positive, e = — 1 — negative) in momentum repre- 
sentation as follows: 

tf£(p) = <#*><*>>• (46) 
Using this definition, Eq. (|42|) takes the following form 

w = EE/ ^ e ^>)i a '^>- ( 4? ) 

We can easily check that a bispinor (|4"B")) fulfills the Dirac 
equation (compare Eq. ([43)) ) 

A_ e (p)V e (p) = 0, (48) 

where ip € (p) denotes four-component column ["0a (p)]- 

We can also check that bispinors defined in Eq. (|46|) 
transform properly under Lorentz transformations. De- 
noting 

= <V>'I W>, (49) 

where 

£/(A)|</>> = W), p' = Ap, (50) 

we receive the following transformation law: 

^{p') = S(A)r(p), (51) 

[compare Eq. ©]. So, we can define the most general 
bispinor in momentum representation as follows 

i(p)=E^(P)- ( 52 ) 

e 

Finally, action of the Hamiltonian operator on a 
bispinor ip e {p) can be determined with help of Eqs. (|4U1 
EH SHJ). We get 

P°r a (P) = EKW7 + ml)] (p) . (53) 



We define scalar product of bispinors in the following 
way: 

w>,0) = <^> = Y.J ^)^^^- ( 54 ) 

6. Spin basis Of course, the expansion given in 
Eq. (|42[) can be performed in the non-covariant (spin) 
basis {\ep, a}}, too. If, in analogy to Eq. ([4"6")h we denote 

&(p) = Mcp,a), (55) 

then 

m = E/ ^)^" (p)|ep ' a) - (56) 

In terms of spinors defined in Eq. (|55|) , the scalar prod- 
uct defined in Eq. (|54|) takes the form: 

gm) = E / ^)^ et (f)^ e (p)- ( 57 ) 

c. Relation between bases Spinors ip%{jp) and tpa(p) 
are related via the following relation: 

c(p) = E<>)^)' ( 5g ) 

where we have used Eq. (f20|) . 

III. NEWTON- WIGNER POSITION 
OPERATOR 

Problem of defining a proper position operator in the 
relativistic quantum mechanics has a very long history 
and no fully satisfactory solution (lsee e.g., Ref. [HJ]). In 
this section we discuss briefly the Newton- Wigner posi- 
tion operator [37j which, although non-covariant, seems 
to be the best proposition. The Newton- Wigner position 
operator is assumed to be hermitian, to have commuting 
components 

[X i ,X*]=0, (59) 

and to fulfill standard canonical commutation relations 
with four-momentum operators 

[X i ,P j ]=iS ij . (60) 

Eqs. |60|) imply the following relation 

e la -*|ep,a) ^ N(jp,e&)\ep(ea),a), (61) 

where we have denoted by p(ea) a four-vector with com- 
ponents given below 

p°(ea) = w(p+ea) = y 1 m 2 + (p + ea) 2 , p(ea) = p+ea, 

(62) 
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and the normalization factor N(p, ea) is equal to 
N{p, ea) 



uj(p) 



2 , 2 \ 1/4 



uj(p + ea) V (P + ea ) 2 + m2 
Eqs. (|5T1 IS3"]) imply the well-known relation 



(63) 



xc(p) - * e (v p - \-r^) (64) 

Using Eqs. ([2TJI |3"B1 |6"T]) we find in a bispinor (covariant) 
basis 



e 4a ' x |a,ep) = eiV(p,ea) 

x^( v e (pK(p(ea))) Q/3 |/3,ep(ea)). (65) 



Therefore, for wave functions in a bispinor basis, defined 
in Eq. (|46|) . we get 



x^(p) = ((Vp« e b))^b)) >|(p) 

+ * e ( V p-i^T-^)^b)- (66) 
V 2 n + m z / 



IV. THE FOLDY-WOUTHEYSEN 
TRANSFORMATION 



The Foldy-Woutheysen (FW) transformation [34| is 
a canonical transformation which diagonalizes Dirac 
Hamiltonian given in Eq. (|4T)]) or (|53[) . Hamiltonian (|4T)]) 
is defined in the covariant basis. Using Eqs. (|31[ [58]) we 
can find Hamiltonian in the spin basis. We have 



afj 



(67) 



Therefore, by virtue of Eqs. (|D21 ID4|) we finally get 

P°r x = ep°r x . (68) 

Thus we see that Foldy-Woutheysen transformation cor- 
responds to change of basis from manifestly covariant 
one to spin one. Foldy-Woutheysen spinors are simply 
spinors defined in terms of vectors spanning the carrier 
space of the unitary representation of the Poincare group. 

V. SPIN OPERATOR 

In this section we clarify some questions concerning 
spin operator for a Dirac particle. 

Spin is an internal degree of freedom. It means that 
a spin operator should commute with space-time observ- 
ables like momentum and position. Therefore, choosing 
as a position operator the Newton-Wigner one, which 



fulfills the relations (|591 160]) , we find that the action of 
a spin component operator, S l , on a spin basis vectors 
{\ep, <r)} must have the following form: 



S i \ep,a)=Y,Ai x \ep,\), 



(69) 



where [A^^] are constant 2x2 matrices. Moreover, we 
demand that spin components fulfill standard commuta- 
tion relation 

[S\S j )=ie ijk S k . (70) 
Thus, we are lead to 

^P,a) = i5>fUI^A>, (71) 

A 

where Oi are standard Pauli matrices. 

On the other hand, we can try to define spin operator 
in terms of the generators of the Poincare group. We 
know that spin square operator is well defined in the 
unitary representation of the Poincare group and has the 
following form 



s 2 = — Lw"w M) 

m 



(72) 



where W" M is the Pauli-Lubanski (pscudo) four- vector 



(73) 



and J a /3 are generators of the Lorentz group. There- 
fore, taking into account that spin is a pseudo- vector, it 
is natural to look for a spin operator which is a linear 
function of components of W 11 . If we assume that a spin 
operator is such a function and (i) commutes with four- 
momentum operators, (ii) fulfills the canonical commu- 
tation relations ([70]). (iii) transforms like a vector under 
rotations, i.e. 



where J 1 = h^ijk^ , we arrive at 



777 ^ pa |po| + 

With help of Eq. (jTSJ we finally get 



S = — ( £W - W°^rJ- 

m \ £po + to 



(74) 



(75) 



(76) 



Let us stress that in the case when only positive energies 
are allowed, the spin operator given in Eq. ([76]) takes the 
well-known form 



s = l ( w - w° , P 

"7\ P° + 777 



(77) 
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This spin operator is used in quantum field theory (see 
e.g. 138 ). We used this form in our previous works 
[ToL I 111 . 20l , where we considered only positive-energy 
particles. 

We can determine action of the operator defined in 
Eq. (|76| on basis vectors. Taking into account Eqs. (jU 
ITTJ1 |2T1 173")) . and ([3"7| wc get in the covariant basis 



W^\a,ep) 



^E(( 



erwy* 



a/3 



\P,ep). (78) 



Furthermore, from Eqs. (|76l l78j) we receive 



S\a,ep) 



7" 



ep v 



(7-7°) h 5 l^.ep). (79) 



Therefore, using Eqs. fl2Tl HH [7J |D3} we find in the 
spin basis 



W*\ep,v) = --e^ [« e (p)y 1 7 8 « e (p)] (7A |cp,A>. 



A 

Finally, by virtue of Eqs. (|D5[ ID6|) . we have 
VF°|ep, ( r)=^i e (p- ( T T U|ep,A), 

A 

W\ep,a) ^Uma T + ^^) >,A>. 



Applying Eq. ([75} we get 

5 i |ep, CT ) = ^( - T ) CTA |ep,A) ) 



(80) 

(81) 
(82) 

(83) 



which coincides with Eq. (|7T|) . 

As we have seen in Sec. lIVI the Foldy-Woutheysen basis 
is in fact the spin basis. In Ref. [34[ spin operator which 
after Foldy-Wouthcyscn transformation has a form given 
in Eq. (|83j) was named "mean-spin operator" . There- 
fore, the spin operator defined in Eq. ([75)1 coincides with 
Foldy-Woutheysen mean-spin. 

We can define spin operator in yet another way, as 
a difference between total angular momentum (which is 
defined with help of Poincare group generators J a p as 
J 1 = ^£ijk,P k ) and orbital angular momentum XxP: 

S = J X x P. (84) 

The Newton- Wigner position operator, discussed in 
Sec. IIII1 can be expressed in terms of the generators of 
the Poincare group. In the case we consider here, i.e. 
when negative energies are allowed, the Newton- Wigner 
operator takes the following form: 



X 



2 Vpo 



P x W 



ki-)- 



(85) 



where K l = J 0z (compare [1^]). Notice, that action of 
J and K on basis vectors is independent of energy sign 
e; action of P^ and W is given in Eqs. © [TgJ [ED H2J» ■ 
Inserting Eq. (|85[) into Eq. ([54")) we can check that spin 
operator defined in this way also coincides with (J7BJ. 



A. Transformation properties of the spin operator 

In this section we find transformation properties of the 
spin operator defined in Eq. (|77[) . To do this, let us 
consider two inertial observers, O and O' , connected by 
a Lorentz transformation ([2]). The spin operator in the 
reference frame of the observer O is given by Eq. (|77[). 
We determine the form of this operator in the frame of 
the observer O' in terms of the spin operator S. 

Firstly, let 



A(P) = 



1 J 



R e SO(3) 



(86) 



.° R . 

be a pure rotation. In this case we see immediately that 

S = RS, (87) 

i.e. S transforms like a vector under rotations — compare 
Eq. ([74)l . Now, let A(v) be a pure Lorentz boost. In the 
frame O' the spin operator has obviously the following 
form: 



W -W" 



pro 



where 



W'v = A(v)",r, P'v = AWvP". 



(89) 



The explicit form of the most general pure boost is given 
in Eq. (|B2|) . 

Inserting Eqs. ([M)l into Eq. (|88p and using the follow- 
ing relations (yielded by Eq. ([77]) and P^W^ = 0): 



m 



W° = P S, 
W = mS + (P-S)- 

we get finally 

g' = g + (l-7)(P-S) + 7 (m + P°)(vS) ^ 
(m + P°)[m + 7(P° - v-P)] 

rj(m- P°){v-S) 



(90) 
(91) 



7 



7 (P° - v-P) 



1+7 



2 7 (vP)(P-S) 

(m + P°)(l + 7) 



-PS 



v, (92) 



S =P(v,P)S, 



where 7 = (1 — 1/u 2 ) 1//2 is a Lorentz factor. Now, com- 
paring Eq. ([92} with Eq. ([B4| we see that 



(93) 



where P(v,p) is given in Eq. (|B4j) . Thus, taking into 
account Eqs. (|87p and ([9^)l . spin operator transforms un- 
der Lorentz transformations according to Wigner rota- 
tion. Notice that P(v, P) in Eq. (j9"3"[) is an operator. In 
momentum basis it is an ordinary matrix but in other 
bases, like e.g. position basis, it is a non-local operator. 
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VI. PARTICLE IN ELECTROMAGNETIC FIELD 

To make this paper self-contained we firstly remind 
here some results we discussed in details in our paper 
[To[ | . Then we find the transformation law for the Bloch 
vector describing fcrmion polarization. 

Let us consider a Dirac particle with positive energy 
(e = +1) and sharp momentum q. The most general 
state of such a particle is described by the following den- 
sity matrix: 



^(1 + £ -(r)<Tx\q,a-}{q, A|, 



(94) 



where the Bloch vector £ determines a polarization of a 
particle. Using Eqs. (|8~il [82l [83]) we can find the normal- 
ized average value of the Pauli-Lubanski and spin oper- 
ators in the state defined in Eq. (|94|) . We get 



x 'p 2V s q a + m 

(s)- = l 



(95) 
(96) 
(97) 



Now, let us assume that a charged particle with sharp 
momentum moves in the external electromagnetic field. 
The momentum and polarization of such a particle can 
be regarded as functions of time 



q = q(t), £ = €(*)• 



(98) 



The expectation value of the operators representing the 
spin and the momentum will follow the same time de- 
pendence as one would obtain from the classical Lorentz- 
covariant equations of motion (40l - |43j . The slow motion 
limit of the equations of motion, in the case when the 
electric field is equal to zero, takes the form 

^ = -qxB+f^VB, (99) 
at m Ira 

§ = -£xB, (100) 
at m 

(we assume that the giromagnetic ratio g = 2). There- 
fore we should really identify £ with the polarization of 
a particle. 

Notice that the transformation law for the spin oper- 
ator, Eq. (|92|) . is consistent with our identification. In- 
deed, the density matrix p(q, £) given in Eq. (|94| as seen 
by the observer O' has the form 

p' = U(A)p(q,^(A)=p(Aq^'), (101) 



where 



S' = R(A,q)$. 



(102) 



To obtain the above relation we used the standard homo- 
morphism of the SU(2) group onto SO(3) group according 
to which 

V(R(A,q))(Z-cr)tf(R(A,q)) = (R(A, q)$) ■ a. (103) 



Eq. (|102[) means that £ transforms according to the 
Wigner rotation. This is consistent with the transfor- 
mation law for the spin operator. 



VII. POSITION REPRESENTATION 

Now, we want to define bispinors in a position repre- 
sentation and vectors corresponding to them in an ab- 
stract Hilbert space. We are interested in a covariant 
picture therefore we use in our construction the covari- 
ant basis [Eq. ([20])]. Thus we define 



\x, a, e) 



1 



d 3 p 

(2tt) 3 / 2 J 2w(p) 



(104) 



and 



(105) 



Inverse transformation reads 
2me 



\a,ep) 



(2tt) 3 / 2 
2me 



da„(xy^(A e (ph»)Jx,P,e) 

d 3 xe^(A e (p) 7 °) \x,P,e), 



(106) 



or, in terms of vectors (|105[) 
2m 



\a,ep) 



(2tt) 3 / 2 
2m 



da^x)e^{A € {p)r) a ^P) 

(A e (ph°) a p\x,p). 



d 3 xe i£px ' 



We can check, that 



(a,e'p\x,0,e) 



(2tt) 3 / 2 



e-^(A e (p)) 



/3a' 



(107) 



(108) 



Now, bispinor in a position representation we define as 
follows: 



= (ip\a,x). 



(109) 



Let us notice that, by virtue of Eqs. (|46I105I) . the above 
bispinor is related with bispinors in momentum represen- 
tation via the standard relation 



* a{x) = (2^£ / '^f^~ 



(110) 



One can also show that the scalar product ([541 in terms 
of ^ n (x) reads 



(-0, 0) = / d 3 x*(a;)7 $(a;), (111) 
which is consistent with Eq. ([7]). 
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It should be stressed here that vectors \x, a, e) defined 
in Eq. (|104[) are not eigenvectors of the Newton- Wigner 
position operator. 

It is possible to define Foldy-Wuotheysen transforma- 
tions on the level of bispinors in position representation. 
However, the connection between bispinors before and 
after the Foldy-Woutheysen transformation is non-local 




VIII. CONCLUSIONS 

In conclusion, we have formulated the Dirac formal- 
ism in an abstract Hilbert space which is a carrier space 
of an unitary representation of the Poincarc group. To 
include negative energy solutions of the Dirac equation 
we have considered the direct sum of carrier spaces of 
positive and negative energy unitary representations of 
the Poincare group for a massive spin- 1/2 particle. We 
have introduced basis which under Lorentz transforma- 
tions transforms in a manifestly covariant manner accord- 
ing to the bispinor representation of the Lorentz group. 
Vectors of the covariant basis in a natural way fulfill the 
Dirac equation. We have also shown that the Foldy- 
Woutheysen transformation which diagonalizes the Dirac 
Hamiltonian, corresponds to the transformation between 
covariant basis and the standard basis in the carrier space 
of the Pioncare group representation. 

Moreover, we have discussed in detail the relativistic 
spin operator for massive particle. We have shown that 
in the case of Dirac particles the spin operator used in 
quantum field theory is equal to the Foldy-Woutheysen 
mean-spin operator. We have also shown that this spin 
operator under Lorentz group action transforms accord- 
ing to the Wigner rotation matrix in which momentum 
is replaced by momentum operator. Such a "Wigner ro- 
tation" is a highly non-local operator. 
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Furthermore, let q e = (em, 0) denote four-momentum of 
a particle in its rest frame. We assume that vectors \p e , a) 
are generated from |g c , cr) in the following way: 

\p e ,a) = U{Ll)\q e ,a), (A3) 

where is a standard Lorentz boost which fulfills 

p e = L c Pm q e , Ll=I. (A4) 

Standard Wigner induction method leads to the following 
form of the Lorentz group action on vectors \p £ , a): 

U(A)\p e ,a) = £>(i? e (A,p £ )) A(T |Ap e , A) (A5) 

where T> denotes spin-1/2 representation of the rotation 
group and R e (A,p e ) = (L e Ap J~ 1 AL^ is a Wigner rota- 
tion. We would like to have Ap e = (Ap) e . Therefore we 
take 

Pe = £P = (ew(p),ep), (A6) 

and, consequently, basis vectors in the following form: 

\p e ,a) = \ep,a). (A7) 

Notice, that the choice which might seem to be the most 
natural, i.e. p e = ep 71 = (ew(p), p) is not suitable because 
Ap" ^ (Ap) 7r . 

Moreover, we easily see that for the standard boost 
defined as 

l p = ( I j | y, ) ( A8 ) 

we have 

ep = L p q e . (A9) 

Thus it holds 

R e (A, ep) = R(A,p) = L V X AL V , (A10) 
and we finally receive 

U(A)\ep,a) =V(R(A,p)) x <r\eAp,\). (All) 



Appendix A: Basis in an abstract Hilbert space 

We discuss here in detail the choice of basis in an ab- 
stract Hilbert space R = R+ ®R-- Basis vectors should 
be labeled by four-momentum p, spin a = ±1/2, and in- 
dex e = ±1 identifying sign of energy. Let us denote for 
a moment basis vectors as \p e , a). By definition we have 

p° e = aj(p e ), (Al) 

where 

w(p e ) = +^m 2 +p e . (A2) 



Appendix B: Wigner rotation 

In this Appendix we give the explicit form of a Wigner 
rotation for a Lorentz transformation A being a pure 
boost. The most general Lorentz boost A(v) between 
two inertial frames of reference, O and C, 

x'» = A(v)V (Bl) 

can be written in the following form 



7 


T ' 

— 7V 


—7V 


n 
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where v is the velocity of a frame O' with respect to a 
frame O and 7 = (1 — 1/v 2 ) -1 / 2 is a Lorentz factor. 

Now, using Eqs. (|A8|) and (|B2|) we can find by direct 
calculation 



of gamma matrices: 





T 





R(v,p) 



(B3) 



R(A(v),p) = Lll v)p A(v)L p = 



where the matrix R(v,p) e S0(3) reads 



„/ \ 1 — 7 t 7 2 (m — p°) t, 

i?(v,p) = /+— ^p®p r + fe(1 + 7) v ® v 

where 



a = m + P u , 



(B5) 



P'° = m + 7 (P° - v-P). (B6) 



Appendix C: Dirac matrices 

Dirac matrices fulfill the relation 7^7^ + 7 l/ 7 M = 
2<? A " / where the Minkowski metric tensor g^ v = 
diag(l, — 1, — 1, —1); moreover we adopt the convention 
£ oi23 _ 2_ We use ^he following explicit representation 



I 

1 



7 = 



cr 
cr 



I 
-I 



(CI) 

where cr = (eri, 02, 03) and cr, are standard Pauli matri- 
ces. 



Appendix D: Useful formulas 

The explicit form of amplitudes v e (p) is the following: 
1 



where ctq = J2. It holds 



<?2, 



(Dl) 



v e (p)'y' J 'v e (p) 



V 



« £ (p)7 5 M £ (p) = 0. 
Using Eqs. ipT j lDI ]) we find 

« £ (P)7°(P'7)^(P) = 0. 

ir(p) 7 o 7 V(p) = --(p^ T ), 

m 

— e / \ 5 e / \ 1 / T . P(P-°" T ) 

w (p)77 u (p) = mo- H ■ — — 

m v m + p u 



(D2) 
(D3) 

(D4) 
(D5) 

(D6) 
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